We derive a sharp cusp count for finite volume complex hyperbolic surfaces which admit smooth toroidal compactifications. We use this result, and the techniques developed in [DiC12], to study the geometry of cusped complex hyperbolic surfaces and their compactifications.
Introduction
The problem of counting the number of ends in complete pinched negatively curved finite volume manifolds is a long standing problem in classical differential geometry. For real and complex hyperbolic manifolds, geometric topology techniques have been widely and successfully applied. The literature on the subject is enormous, we thus refer the interested reader to the classical paper of Parker [Par98] and to the more recent work of Stover [Sto13] for an overview.
For cusped complex hyperbolic manifolds, techniques coming from algebraic geometry can also be applied. The key for this approach is the existence of particularly nice compactifications of such complex hyperbolic manifolds, known as toroidal compactifications. We recently applied this circle of ideas in [DiC12] , where many of the finiteness properties of cusped hyperbolic manifolds and their compactifications were made effective.
The purpose of this paper is to improve, in complex dimension two, the results contained in [DiC12] . The main novelty contained here is that some of the results are now sharp. This is quite unusual even in low dimensions and it seems to be the first instance where sharpness is actually achieved.
1.1. Preliminaries and main results. Let H 2 be the two dimensional complex hyperbolic space. Given a torsion free non-uniform lattice Γ in PU(1, 2), then H 2 /Γ is a non-compact finite volume complex hyperbolic surface with cuspidal ends. The cusps of H 2 /Γ are then in one to one correspondence with the conjugacy classes of maximal parabolic subgroups in Γ. It is known that when the parabolic elements in Γ have no rotational part (e.g. if Γ is neat), then H 2 /Γ admits a compactification (X, D) consisting of a smooth projective surface and an exceptional divisor D.
Recall that each maximal parabolic subgroup can be thought as a lattice in N U(1) where N is a Heisenberg type Lie group, and that a parabolic isometry is said to have no rotational part if it has no U(1) component. The pair (X, D) is known as the toroidal compactification of H 2 /Γ. For a more detailed discussion of these topics, we refer to the classical references [Ash et al.10], [BJ06] . For a quick introduction, the interested reader may also refer to Section 1.1 in [DiC12] and the bibliography therein.
Let us recall a few important geometric features of (X, D). First, the exceptional divisor D consists of disjoint smooth elliptic curves with negative self-intersection which are in one to one correspondence with the cusps of X\D. Second, the pair (X, D) is of logarithmic general type and D-minimal, i.e., the log-canonical divisor K X + D has maximal Kodaira dimension and X does not contain any exceptional curve E of the fist kind such that E · D ≤ 1. Finally, because of the Hirzebruch-Mumford proportionality theorem [Mum77] , we have 3c 2 = c 2 1 where c 2 1 and c 2 denote the logarithmic Chern numbers of the compactification (X, D). Recall that c 2 1 is the self-intersection of K X + D, while c 2 is the topological Euler characteristic of X\D. Since X\D is by construction negatively curved, Gromov-Harder's generalization of Chern-Gauss-Bonnet [Gro82] implies that c 2 must be a strictly positive integer.
In [DiC12] , we showed that, in any dimension, K X + D is not only big and nef but it is a limit of ample divisors of the form K X + αD where α is a real number strictly less than one. Let us recall the technical form of this result as it will be used here.
Theorem 1.1 ([DiC12], Theorem 1.1). Let (X, D) be a toroidal compactification. Then K X + αD is ample for any α ∈ ( 1 3 , 1).
As extensively shown in [DiC12] , this "gap" theorem has many consequences for the theory of cusped complex hyperbolic manifolds. In fact, one of the first applications is a cusp count in terms of the volume, valid in any dimension, which turned out to be the best count available in the literature for surfaces and threefolds, see Theorem 1.5 in [DiC12] .
The main purpose of this note is to show that, in complex dimension two, such cusp count can not only be improved but also made sharp. Recall that, if we normalize the holomorphic sectional curvature of X\D to be −1, we have
where by Vol −1 (X\D) we indicate the Riemannian volume of X\D computed with respect to the normalized locally symmetric metric. We then state the cusp count in terms of the self-intersection of the log-canonical divisor of the compactification (X, D).
Theorem 1.2. Let (X 2 , D) be a toroidal compactification. Let q be the number of components of D. Then
Moreover, there exists a smooth toroidal compactification which saturates this bound.
Despite the existence of many linear upper bounds on the number of cusps of a locally symmetric space in terms of its volume, Theorem 1.2 appears to be the first sharp bound. Unfortunately, Theorem 1.2 holds in complex dimension two only and it is not clear how to obtain sharp bounds in higher dimensions. On the other hand, it seems an extremely complicated problem to sharpen any "effective" technique, either in geometric topology or complex/differential geometry, in higher dimensions. To give an example of the difficulty of this problem, it will suffice to recall that we are missing an explicit example of a smooth threefold which is the toroidal compactification of a cusped complex hyperbolic threefold. Of course, for group theoretical reasons we know that such objects exist in great profusion. Nevertheless, we still seem to miss a technique to systematically produce explicit examples. Fortunately, Hirzebruch in [Hir82] constructed many explicit examples in complex dimension two, see Section 2 for details. These examples play a crucial role in testing the sharpness of Theorem 1.2.
Next, using Theorems 1.1 and 1.2 we can study in details the geometry of cusped complex hyperbolic surfaces and their compactifications. The results which follows substantially improve, in complex dimension two, the ones contained in [DiC12] . First, we describe the pair (X, D) when realized as a sub-variety in some projective space.
Theorem 1.3. Let (X 2 , D) be a toroidal compactification. Let L := K X +D and let us denote by D i the components of D. Then 7L − 4D is very ample. In particular, 7L − 4D embeds X as a smooth subvariety of P 5 of degree d ≤ 49L 2 . Moreover, if we let d i be the degree of D i under the embedding given by 7L − 4D, then d i < 6L 2 .
The importance of this result relies on the fact that it can be used to derive an explicit bound on the number of complex hyperbolic surfaces with given upper bound on the volume. More precisely, Theorem 1.3 can be combined with classical Chow varieties techniques to derive an effective version of the classical Wang's finiteness theorem, [Wan72] . For the numerical value of this bound we refer to Corollary 3.2 in Section 3.
Second, we can construct very explicitly the singular compactifications (Baily-Borel-Siu-Yau) of these ball quotients by studying the pluri-log-canonical maps of their toroidal compactifications.
Theorem 1.4. Let (X 2 , D) be a toroidal compactification. Then for all m ≥ 3 the map associated to |m(K X + D)| is a morphism which maps all the different components of D to distinct singular points. Furthermore, for all m ≥ 4 this morphism defines an embedding of X\D into some projective space.
Theorem 1.4 does not only improve Theorem 1.3 in [DiC12] when the dimension is equal to two, but also Theorem B in [DiC12a] which appears to be the most accurate result currently available in the literature.
Finally, we present two sided bounds on the Picard numbers of toroidal compactifications in terms of the number of cusps and the volume. Interestingly, we are able to show that the lower bound is sharp.
Theorem 1.5. Let (X 2 , D) be a toroidal compactification. Let q be the number of components of D and let us denote by ρ(X) the Picard number of X. Then
Moreover, there exists a smooth toroidal compactification which saturates the lower bound.
In Section 3.4 of [DiC12] , we computed an explicit upper bound on the Picard number of a toroidal compactification in terms of the top self-intersection of its logcanonical divisor. Unfortunately, the techniques presented in Section 3.4 of [DiC12] are applicable in dimension bigger or equal than three and they do not generalize to the case of surfaces. On the other hand, Theorem 1.3 and Corollary 3.2 are enough to theoretically imply the existence of such an upper bound in the two dimensional case. The explicit upper bound given in Theorem 1.5 fixes this gap.
A sharp cusp count
In this section, we present a sharp cusp count for complex hyperbolic surfaces which admit smooth toroidal compactifications. More precisely, we give a proof of Theorem 1.2 stated in the Introduction. The strategy of the proof relies on the fact that we are working in complex dimension two. In fact, the Kodaira-Enriques classification [BHPV04] of compact complex surface is crucially used. The other important ingredients are the Hirzebruch-Mumford proportionality and, in order to prove sharpness, an explicit toroidal compactification which can be extracted from the work of Hirzebruch in [Hir82] .
Proof of Theorem 1.2. Given a two dimensional toroidal compactification (X, D), let us observe that the holomorphic Euler characteristic, say χ(O X ), of X must be nonnegative. In fact, since χ(O X ) is a birational invariant, by the Kodaira-Enriques classification we know that the only surfaces with negative holomorphic Euler characteristic are birational to ruled surfaces over Riemann surfaces with genus greater or equal than two. It remains to show that such surfaces cannot be toroidal compactifications. The key observation is that they cannot contain any smooth elliptic curve. Assume not, then a smooth elliptic curve must be a section of the ruling. We then obtain a surjective morphism from the elliptic curve to the base of the ruling which we are assuming to be of genus greater or equal than two. This contradicts the classical genus formula of Riemann-Hurwitz [GH78] .
Thus, by Noether's formula, see page 9 in [Fri98] , and Hirzebruch-Mumford proportionality we conclude that
It remains to show that this bound is sharp. To this aim, recall the construction of a four cusps complex hyperbolic surface with normalized Riemannian volume equal to 8 3 π 2 . Let Y = C 2 /Γ be a product Abelian surface, with Γ = Λ 1,τ × Λ 1,τ where Λ 1,τ is the lattice in C generated by 1 and τ = e can be shown to be a toroidal compactification, see [Hir82] and Section 4 in [DiC13] . Thus, since
the bound is proven to be sharp and the proof is complete.
Note that the proof of Theorem 1.2 gives also a bound of the self-intersection of D in terms of the self-intersection of the log-canonical divisor of the pair (X, D). This fact is important when trying to apply Chow varieties techniques in complex dimension two. Thus, we summarize this bound into a corollary as it will be used in Section 3.
Corollary 2.1. Let (X 2 , D) be a toroidal compactification. Then
Applications
In this section, we substantially improve the theory developed [DiC12] in the special case of surfaces. In particular, we give the proof of Theorem 1.3, 1.4 and 1.5 stated in the introduction. These improvements not only rely on Theorem 1.2, but also on the fact that the birational geometry of adjoint linear systems on surfaces is completely understood thanks to the theorem of Reider. Let us recall the statement of this theorem, for more details see [Rei88] .
Theorem 3.1 (Reider) . Let X be a smooth surface and let L be a nef line bundle on X. Then the following hold:
(1) If L 2 ≥ 5 and x ∈ X is a base point of |K X + L| then there exists a curve
C through x such that either C · L = 0 and C 2 = −1; or C · L = 1 and C 2 = 0.
(2) If L 2 ≥ 10 and x, y ∈ X are two (possibly infinitely near) points which |K X + L| does not separate then there exists a curve C through x and y such that either C · L = 0 and C 2 ∈ {−1, −2} ; or C · L = 1 and C 2 ∈ {0, −1} ; or C · L = 2 and C 2 = 0.
The next theorem exhibits a two dimensional toroidal compactification (X, D) as a smooth sub-variety of P 5 . Moreover, it gives a bound on its degree as well as on the degree of the irreducible components of D.
Proof of Theorem 1.3. Let L := K X + D. Because of Theorem 1.1, we know that 2K X +D = 2L−D is ample. Theorem 3.1 implies us that K X +3(2L−D) = 7L−4D is very ample. In particular, 7L − 4D embeds X as a smooth sub-variety of some projective space of degree d = (7L−4D) 2 ≤ 49L 2 . By general projection, for details see page 173 in [GH78] , we can always reduce to P 5 since X is two dimensional. Next, we need to bound the degree of the components D i of D under the embedding given by the line bundle 7L − 4D. First, recall that D i · D j = 0 if i = j. Then
where the last inequality is given by Corollary 2.1.
The previous theorem can be used to count the number of toroidal compactifications with fixed volume. We will estimate this number bounding the number of pairs in a fixed projective space of bounded degrees as in Theorem 1.3. This can be achieved studying a particular Chow variety. To ease the proof of the result, let us introduce some notation. We define Chow m (d; d 1 , . . . , d q ) to be the closed subvariety of
parametrizing pairs (X, q i=1 D i ) where X is a smooth surface of degree d in P m and each D i is a smooth one-dimensional subvariety of degree d i in P m contained in X.
The following corollary is a combination of the previous results and an effective bound on the number of components of Chow (d : d 1 , . . . , d q ) . We give only a sketch of the proof since it is essentially the same as in [DiC12] . Next, we can explicitly construct the Baily-Borel compactifications of cusped complex hyperbolic surfaces as projective algebraic varieties. In other words, we give the proof of Theorem 1.4 stated in the Introduction.
Proof of Theorem 1.4. Let L := K X + D. Since 3c 2 = c 2 1 , c 2 > 0, we conclude that L 2 ≥ 3. Note that the null locus of L is precisely D, i.e., the only curves that intersect trivially with the log-canonical are contained in D. By Reider's theorem, K X + 2L is base point free away from D. Adding D we get that 3(K X + D) is base point free away from D. Next, let us consider the short exact sequence
By Kawamata-Viehweg's vanishing, see Theorem 12.2 page 181 in [BHPV04] , we have that
Thus, taking the long exact sequence in cohomology, there exists a surjective map
which then implies that 2L is base point free along D. Finally, we conclude by applying Reider's theorem to K X + 3L.
Let us conclude this section by deriving a two sided bound on the Picard number of two dimensional toroidal compactifications. More precisely, we give the proof of Theorem 1.5 stated in the introduction.
Proof of Theorem 1.5. For any complex 4-manifold, we have
where p 1 is the first Pontrjagin class. By Hodge index and Hirzebruch's signature formula, we conclude that
where p g (X) = h 0 (X, O X (K X )). As observed in the proof of Theorem 1.2, the holomorphic Euler characteristic of X is necessarily nonnegative. Noether's formula then implies that h 1,1 (X) ≤ 2p g (X) + 2 − 4χ(O X ) + c 2 ≤ 2p g (X) + 2 + c 2 .
Next, let us observe that since D is effective then p g (X) ≤ h 0 (X, O X (K X + D)).
By a theorem of Matsusaka, see [Kol96] , h 0 (X, O X (K X + D)) ≤ 2(K X + D) 2 + 2, which finally implies h 1,1 (X) ≤ 4 + 13 3 (K X + D) 2 .
It remains to show the existence of a sharp lower bound for ρ(X) in terms of the number of cusps. Say that q is the number of components of D. Suppose by contradiction that ρ(X) ≤ q. Let H be an ample divisor on X. Then there exists a relation of the form
with not all of the {a i } q i=0 ∈ R equal to zero. Since D i · D j = 0 for all j = i, and D 2 i < 0 for all i, the irreducible components of D are not numerically equivalent and we can then assume a 0 = 1. Intersecting the above relation with D i , we get that a i > 0 for all i. On the other hand
gives a contradiction. Finally, we need to prove that this lower bound is sharp. To this aim, let (X, D) be the particular toroidal compactification used to show that Theorem 1.2 was sharp. Then X is the blow up of a very particular Abelian surface Y with maximal Picard number, i.e., ρ(Y ) = h 1,1 (Y ) = 4. We then conclude that ρ(X) = 5. Since D consists of four irreducible components, the lower bound is then sharp.
